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Abstract

A new numerical integrator for a wide class of separable Hamiltonian systems
called the Stédckel system is presented. This integrator is designed so as to
conserve the same number of constants of motion as the degree of freedom
of the Stéckel system. Separation of variables of the Stédckel system is most
fundamental for the integrator. A combination of canonical transformations
and an energy-preserving method with a variable step-size plays a key role to
design such an integrator. Some typical and important examples of the Stéckel
system are then discretized explicitly. They are the three-dimensional Kepler
motion, the Holt system and the integrable Henon—Heiles system in celestial
mechanics.

PACS numbers: 02.60.Jh, 45.10.Db, 45.20.Jj
Mathematics Subject Classification: 37M99, 37J35, 70H06

1. Introduction

Many numerical integrators for dynamical systems have been studied in order to well
approximate the continuous-time orbits. To investigate the long-time behaviour, several
structured integrators are quite useful.

The symplectic integrators (cf [8, 26]) are numerical integration schemes for Hamiltonian
systems, which conserve the symplectic form in the phase space, so that the resulting discrete-
time evolution is regarded as a canonical transformation. Though the symplectic integrators
do not conserve Hamiltonian and other additional constants of motion, in general, they are
widely used in numerical simulation for various Hamiltonian systems. This is because the
symplectic integrators give a good approximation of orbits of the Hamiltonian system in the
sense in which they conserve a modified (or approximate) Hamiltonian.
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The energy-preserving method was presented by Greenspan [4, 5]. This method keeps
the value of discrete energy constant for any step-size. In particular, explicit energy-
preserving schemes were developed for Hamiltonian systems with at most quartic potential
in [13].

Recently, various integrators based on the discrete variational principle have been
designed. These integrators are classified into symplectic-momentum integrators and energy—
momentum integrators. Symplectic-momentum integrators [31, 33] for Lagrangian systems
keep a symplectic form and conserve a discrete momentum derived through a discrete
Noether theorem. An energy—momentum integrator for Lagrangian systems is designed
in [21]. Gonzalez presented energy—momentum integrators for Hamiltonian systems in [7].
Energy—momentum integrators keep the values of energy and discrete momenta. Regarding
a time variable as a coordinate, a symplectic-energy—momentum integrator was recently
presented in [14]. This integrator conserves the values of a discrete energy and a discrete
momentum, and keeps the symplectic form. The symplectic-momentum integrators and the
energy—momentum integrators preserve the values of modified constants of motion different
from the original ones. These modified constants are derived from a discrete Noether
theorem.

A Hamiltonian system with n degrees of freedom is said to be completely integrable if
it has n constants of motion in involution, which are functionally independent. This is the
context of Liouville-Arnold theorem [24]. However, some of such constants are not always
derived from a discrete Noether theorem. Hence, for the above integrators, it seems difficult
to simulate a long-term behaviour of such a completely integrable Hamiltonian system with
a sufficient accuracy. Actually, these integrators do not always give accurate behaviours of
the original integrable systems. For example [34, 35], the Runge—Lenz vector of the Kepler
motion is not conserved by a symplectic integrator. Therefore, the pericentre of the elliptic
orbit moves.

A set of n functionally independent constants of motion, which an n-dimensional
completely integrable Hamiltonian system preserves, fixes a single orbit on a phase space. It is
hopeful that an integrator is designed to conserve exactly #n constants which an n-dimensional
completely integrable Hamiltonian system has.

An exact conservative integrator for the n-body problem including the Kepler problem
which conserves the Hamiltonian and the angular momentum is presented in [16]. Shadwick,
Bowman and Morrison [27] presented an integration scheme for the Kepler motion conserving
the Hamiltonian and the Runge-Lenz vector. However, the resulting integrator seems
to be numerically unstable for a large step-size. It has not been known for a long
time how to design an energy-preserving method which is stable and conserves all of
the additional constants of motion of a wide class of completely integrable Hamiltonian
systems.

Recently, the authors [22] presented the two-dimensional discrete Kepler motion by taking
the Levi-Civita regularization theory [1, 20, 28] together with an energy-preserving method
for the two-dimensional harmonic oscillator with a variable step-size. Then the original
Hamiltonian, the angular momentum and the Runge—Lenz vector are conserved exactly under
the time evolution of the discrete Kepler motion. Since all the constants of motion take
constant values, the orbit of the discrete Kepler motion correctly traces an ellipse, a parabola
or a hyperbola according to the initial value. In the second paper [23], the three-dimensional
Kepler motion is discretized by the same numerical integration scheme. The Kustaanheimo—
Stiefel (KS) regularization theory [17, 28] plays a central role in [23]. It is to be noted that
the two- and three-dimensional discrete Kepler motions found in [22, 23] are stable explicit
schemes and a variable step-size is easily introduced.
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The idea of applying the KS regularization technique to numerical calculation is not new.
Such a technique was already proposed in Bettis [2] in 1970. An exact integration scheme
for the Kepler motion based on an exact discretization of the harmonic oscillator and the KS
regularization transformation was given. The resulting scheme is shown to be numerically
stable. However, any explicit recurrence relation and any conservation of the constants of
motion were not discussed. The KS transformation and its application was also discussed in
[1, 32]. With the help of the transformation, a time-reversible integrator which conserves all
constants of motions of the Kepler motion has been derived by Leimkuhler [19] in 1999. A
transformation of the discrete time in [19], which is a discrete analogue of the Kepler change
of the time, is different from that in [22, 23]. Though this transformation guarantees the
time-reversibility, it makes the integrator implicit.

The new numerical integration scheme in [22, 23] is based on an energy-preserving
method and canonical transformations into separable Hamiltonian systems called the Levi-
Civita and KS transformation. The next challenging problem is to make clear the essence and
a coverage of the new scheme. The purpose of this paper is twofold. This paper shows that

(D the new numerical integrator is applicable to a wide class of Hamiltonian systems called
the Stickel system;

(IT) separation of variables is essential to find such a numerical integrator that conserves the
same number of constants of motion as the degree of freedom of the Stiickel system.

The Stickel system is known as the most general class of separable Hamiltonian systems
which includes the Liouville system [24]. The Stickel system has the same number of
constants of motion as the degree of freedom. The main idea of this paper is to apply the
energy-preserving method with a variable step-size to Hamiltonian systems whose variables
can be separated by using certain canonical transformations. To this end, an extended phase
space [18, 29] is introduced, where a time variable and a minus Hamiltonian give a conjugate
pair of canonical variables. Then, a numerical integrator is designed which conserves the same
number of constants of motion as the degree of freedom of the Stickel system. It is shown that
certain canonical transformations which separate canonical variables are quite useful as well
as the regularization transformations. We then illustrate our integrator by applying it to the
three-dimensional Kepler motion, the Holt system and an integrable Henon—Heiles system.
The Kepler motion and the Henon—Heiles system are important examples of the Stickel system
which appear in celestial mechanics. An accurate numerical integrator is especially needed to
simulate long-time behaviours of solutions.

This paper is organized as follows. In section 2, a review of the basic properties of the
Stickel system and its duality and canonical transformations is given. Typical and important
examples of the Stickel system are the three-dimensional Kepler motion, the Holt system
and the integrable Henon—Heiles system. In section 3, it is shown that an energy-preserving
scheme for a Hamiltonian expressed by the sum of one-dimensional Hamiltonian systems
induces a numerical integrator which conserves the same number of constants of motion as
the degree of freedom of a given Stickel system. An algorithm of the numerical integrator
is then described. In section 4, a three-dimensional discrete Kepler motion, a discrete Holt
system and a discrete integrable Henon—Heiles system are presented. Each of them keeps at
least the same number of constants of motion as its degree of freedom. A difference between
the discrete Kepler motion and the integrator in [19] is discussed. Numerical examples are
also given for the three-dimensional discrete Kepler motion, the discrete Holt system and the
discrete Henon—Heiles system. The orbits remarkably trace the orbits of the continuous-time
orbits for rather large discrete step-size.
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2. Stickel system and related completely integrable systems

2.1. Stdckel system

Separation of variables is one of the fundamental methods for integrating equations of motions.
Itenables us to reduce integration of a system with several degrees of freedom to integration of a
sequence of one-dimensional problems. The Stickel system is an important class of separable
Hamiltonian systems having more than two degrees of freedom. Recently, Grigoryev and
Tsiganov [6] presented an implementation of the algorithm for finding the separation variables
for given integrable systems including Stéckel system. In this paper, we utilize separation of
variables to design a new numerical integration algorithm. There is a basic theorem (cf [24],
p 101) proposed by Stickel in 1891.

Theorem 1 (Stickel). Let H(p1, ..., pn, 41, ---,qn) be a Hamiltonian expressed as

N
Hpt, oo pNs s an) = Y 8i(q1s - an)(p] + U;(4))) )

j=1
where Uj(q;), j =1, ..., N, are the potential functions. A system with the Hamiltonian (1)

admits a separation of variables of the corresponding Hamilton—Jacobi equation if and only
if there exists a nonsingular N x N matrix S = (s; j) whose elements s; j depend only on q;
such that

N
D sii@)giq - an) = 8. 2)

j=1

The Hamiltonian system satisfying the property in theorem 1 is called the Stickel system.
The Stickel system covers a wider class of completely integrable dynamical systems than the
Liouville system. The matrix S is sometimes called the Stickel matrix. It is to be noted that
the first column of the inverse S~ = (¢;,;) is expressed as

cin=8&i(q1, ... qn), i=1,...,N. 3)
If g = gj,i # j, then the Stickel system is reduced to the Liouville system. Let us define
the quantities Iy = Li(p1, ..., PN-q1,---,9n), k=1,..., N, by
I pi+Uitg)
=@SH' . (4)
Iy py +Un(qn)

Proposition 1 (cf [24]). The Stdckel system with the Hamiltonian (1) has the same number of
constants of motion as the degree of freedom. The quantities I}, are constants of motion of the
Hamiltonian system in involution. Especially, I, is just the Hamiltonian I, = H.

Thus, the Stickel systems are completely integrable Hamiltonian systems in the sense of
Liouville—Arnold.

2.2. Canonical transformations between Stdckel systems

Let H = H(pi,..., PN, 41, ---,qn) be a Hamiltonian on the 2/ N-dimensional phase space
M with the canonical coordinates {p;,q;};=1,..n. We extend M by adding to it the new
coordinate gy.; = t and the corresponding momentum py.; = —H. The resulting (2N +2)-
dimensional space Mg is the so-called extended phase space of the Hamiltonian system
[18, 29]. The energy E is an arbitrary fixed value of the variable H in (1).
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To describe time evolution on the extended phase space M, we introduce the extended
Hamiltonian

H(p1s -5 PN+1:G1s -5 qn+1) = H(p1, ..., Py qus - qy) — E. (5
The Hamiltonian system for the variables p;,g;, j =1,..., N,
dpj _ OH(p1, ..., PN+1, G155 GN+1)
dr g ’
’ (6)
dgj _ OH(p1, ..., PN+1,q1s - - -5 GN+1)
dr apj 7
coincides with the Hamiltonian system given by the original Hamiltonian H. The time variable
gn+1 =t is a cyclic coordinate and the conjugated momentum py,; = —E is a constant of
motion. Because of py,+1 = —E,
H(plv~'-,PN+1,C]1,-~,QN+1)EO' (7)

Namely, H is identically equal to zero for any ¢. In this paper, we call (7) a zero Hamiltonian
condition.
Let us introduce a general extended canonical transformation

{plv"'vaspN+lsqls"'7qN7qN+1}'_) {p17"'3pN7ﬁN+19q19"'sqN3aN+1}7

~ ~ ~ (8)
py+1 = —E, pn+1 = —E, gn+1 =1, qn+1 =1
on the extended phase space Mg such that
~ ~ E
E— E, E = ;
v(p1,..., DN 15 -+ -GN) 9
l‘l—>7, d7=v(pl,...,pN,ql,...qN)dt,
where v(pi,..., PN,q1,---,qn) 1S a nonzero function on the phase space M. The
transformation (8) changes the original Hamiltonian system (6) on M to
dr V(PLs - PN G1s -1 qN) Og) (10)
dg; 1 oH

i v(pi,.... PN G1s -, qN) OD)
but conserves the form of the Hamiltonian system on the extended phase space Mg because
of condition (7)

%__3ﬁ(P1,--~,PN,5N+1,41,~--,6]N,5N+1)
i dq, ’
~ % - (11)
dg;  OH(p1,-.., PN, DN+1,q1s -5 GNs GN+1) .
I , j=12,...,N,
dr ap;
where

~ ~ ~ H(p1s .- PN+1,q1s - - - GN+1)
HP1, ..o, PNy PN+15q15 - N> GN+1) = u - (12)
v(pi, s PN GL, -5 GN)

is a dual Hamiltonian of H(p1, ... pn+1>q1s - - - gN+1)-

If the Hamiltonian ﬁ( D1, ---PN+1> 41, - - - @n+1) has singularities, the Hamiltonian system
(6) has singularities. The behaviours of (6) in neighbourhoods of singularities are not
simulated without loss of information by using numerical integrators. This is why the function
v(pt1,---, PN> 941, -- -, qn) should be selected on the phase space M so that the Hamiltonian
H(pi, ... PN+1>4q1s - - - gN+1) has no singularities.
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The extended canonical transformation (8) on Mg transforms the given Hamiltonian
system (6) to (11). If (6) is a Stéckel system, then so is (11). Consequently, (8) is a canonical
transformation between two different Stéickel systems. We here restrict ourselves to this case.
Such a transformation is performed by using a function v = v(qy, ..., gy) which does not
depend on py, ..., pn.

Proposition 2 (Tsiganov [29]). If the two Stickel matrices S and S are distinguished by the
first row only, namely,

Sk, j ZE‘k_j, k ;ﬁ 1, (13)

the corresponding Hamiltonians I, and Ty with a common set of potentials U (q ;) are mutually
related by the following extended canonical transformation on the extended phase space Mg:

L =H(pi,....,DPN, G155 qN)

~ ~ 11
= Iy =H(pt,....,pn,.q1, ..., qN) = ——————, (14)
U(Cll, LI 7QN)
dt — d?z U(C]],...,qN)dT,
where v(q1, ..., qn) is given by a ratio of determinants of the Stéickel matrices
detS(g1. ... qn)
v(g1, .. qN) = — . (15)
detS(q1, ..., qn)
The extended HaLniltonian H(p1y---s PNs PN+1- 415 - - - » gN» gn+1) Satisfying condition
(7) is transformed to H(p1, ..., PN, PN+1»q1s - - - » GN> Gn+1), @ dual Hamiltonian, satisfying
H(P1s -« PN> PN+15 Q15 - - G Gus1) = 0. (16)
From (5), (9) and (14) we obtain
ﬁ(Pho~-,PN,ﬁN+1,q1,--wQNanH) = [Ni(plvﬂ"pquls ~-~,CIN) _EEO (17)
Let Fl(pl, ...y PN»q1, --.,qn) be a Hamiltonian of a given Stickel system. Theorem 1 with
(3) implies that there exists a dual Stéckel system having a Hamiltonian
N
dlogdetS
Li=H(pr.....py.qi--qx) = Y cer (Pr + Unlq)) - Ch1 =~ — (18)
1,k

k=1

In the subsequent subsections we consider three Hamiltonian systems as important
examples of the Stickel system [29, 30]. The canonical variables in Hamiltonians are separated
explicitly by certain extended canonical transformation of type (14).

2.3. Kepler motion in three-dimensional space as Stickel system

We briefly review that the three-dimensional Kepler motion is an example of Stickel systems.
Through the canonical transformation on M called the KS regularization transformation
[1,17,28]

X=q; —q; —q; +4q;. y =2(q192 — 4394), 2 =2(q193 + q294),
_ 1 pig1 — p2g2 — p3q3 + paga _ 1 piga+ p2gi — p3ga — pags
T2 q12+q§+q32+qf ’ Y2 q12+q22+q32+qf ’ (19)

_ L p1gs + p2qa + p3qi + pago

, D194 — P2q3 + p3qa — paq1 = 0,
2 qi+ar+aita;

Pz



New numerical integrator for the Stédckel system 9459

the zero-valued extended Hamiltonian of the three-dimensional Kepler motion

~ 1,5, 5, K?
erpl—l(px» Py Pz _Ekepla X, ¥, 2, t) = —(PX + Py + PZ) - - Ekepl =0 (20)
2 ; /x2+y2+12

leads to the extended Hamiltonian

Hyepl-2(P1, P2s P3s Pas — Exepls 415 G2, 3. 44, 1)
_ 1 pi+pi+pi+pi+U(q) +U(g2) +Ugs) + U(qa)
8 ar+a+q5+a;

0, 21

where
U(qj) = —8Ewepq; — 2K7, j=1,....4, (22)

where 7 is the time variable of the three-dimensional Kepler motion, K2 is a given positive
constant and Ey.p is the constant satisfying (20). We have some choices of (g1, g2, g3, q4)
corresponding to (x, y, z), since one of the variables g1, ¢2, g3, g4 is arbitrary. An example of
choice is shown in [1], p 57.

We see that the system with Hamiltonian (21) is the very Stidckel system. Four constants
of motion are given by

T p}+U(q1)
Ji _ )T p3+U(q)
J2 U pi Uy | (23)
i pi+U(qa)

1 = Hyept-2(P15 P2y P3s P4y — Exepls @15 @25 G35 44, 1),

where the corresponding Stidckel matrix §kepl is

847 847 8q; 8q;
1 =1 0 0
0 1 -1 0
0o 0 1 -1

Stepl = (24)

On the other hand, the four-dimensional harmonic oscillator is a Stickel system, whose
Hamiltonian is the sum of one-dimensional Hamiltonian systems. The four-dimensional
oscillator has the Hamiltonian

Hose(P1+ P2+ P3, P4y —Eose. 41, @2, 43, qa, 1) = 1(pT + p3 + p3 + pi) — 2K* — Eoxe.

(25)
Eosc = 2Ekepl(‘]]2 + q22 + q32 + QZ),

where K? is a given positive constant in (20). The time variable of the four-dimensional
oscillator is 7. Hosc(P1, P2, P3, P4> —Eoses 915 G2, q3, g4, t) satisfies the zero Hamiltonian
condition because of

Hose (P15 P2, P35 P4y —Eose. 41, 92, 43, g4, 1)
- 2 (ql2 + qu + CI32 + QZ) erp]-z(plv p27 p3’ p4a _Ekeplv qla C]2, q37 q47 ;) = 0
(26)
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The Hamiltonian system has four constants of motion [; described by

I pi+U(q)
I ZIAT P% +U(q2)
= (Skepl) 2 ’
I p3 +U(q3) 27)
L pi+U(qs)

I = Hosc(P1, P2, P3, P4y —Eose, q1, 92, q3, g4, 1),

where the Stickel matrix Sy is given by

1 1 1 1
1 -1 O 0
Skepl = 0 1 -1 0 (28)

The two different dynamical systems (21) and (25) have a common set of potentials
U(g)),i = 1,...,4, and correspond to the Stiickel matrices Siepi, Skepl, respectively,
which are different by the first row. Proposition 2 implies that Hos(p1, p2, P3, P4,

—Eoscs 41, G2+ 43, G4, 1) and Hiep2(p1, P2, P3» P4, — Ekepl, q1+ 42, q3. g4, T) are related by an
extended canonical transformation on M¢. The result is as follows:

I = Hose(P1, P2, P35 P4y —Eosc, 91, G2, 43, G4, 1)
I
Vkep1 (41> 425 435 44)

T = Hiepl-2(P1s 2. P3 P4y —Exepls 415 42, 43, 4, T) = (29)

dt > df = viepi(q1, @2, g3, g4) dt,
where

detSiepi(q1. - - . qn) _
detSyepi (g1, - -+ gN)

We see that the zero-valued Hamiltonian (21) is equivalent to (26) through (29). Thus, the
three-dimensional Kepler motion and the four-dimensional harmonic oscillator are mutually
dual Stickel systems. The transformation from the real time 7 to the fictitious time ¢ is
sometimes called the Kepler change of the time. Under the KS canonical transformation (19)
and the second canonical transformation (29), the Hamiltonian Hyepl.; is regularized to Hoge
on the extended phase space M. Simultaneously, the Kepler motion reduces to a sequence
of one-dimensional problems.

The Kepler motion with the zero-valued Hamiltonian (21) has three constants of motion
as follows:

Vkepl (91, 425 43, q4) = 2(qf + a3 + 43 + 45)- (30)

(a) the Hamiltonian Hyepi-2(p1. P2, P3, P4 — Exepls 41, 92, G3, a4, 1);
(b) the angular momentum

.
| 214,1(p4, P15 g4, q1)
hyepi (1, P2, P35 P4, 1, G2, 3, q4) = 2 Lis(p, p3. 91, q3) — (P2, pa, g2, qa) |
li2(p1s P2, q1s q2) +13.4(P3, Pas G35 G4)
(3D

where

Li.j(pi» Pj»4i>45) = Piqj — Pjqis iLj=1...,4 (32)
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(c) the Runge-Lenz vector
eept (P15 P2, D3> P4 415 425 435 44)
32Eiepi (a7 — a3 — 45 — 43) — 4(pT — P32 — 3 + 1)
=7 8Exep1(q193 + q294) — (P13 + P2p4) . (33)

8 Exep1 (9192 — 9394) — (P1P2 — P3P4)
With the help of three independent constants of motion of the Hamiltonian (21) and the angular
momentum (31), the Kepler motion is shown to be completely integrable. The Runge—Lenz
vector (33) is an additional constant of motion which makes the Kepler motion super-integrable
(cf [15]). Consequently, any bounded orbits are closed and periodic.

The Hamiltonian (21) is expressed as a function of I in (29). Moreover, it is easy to
check the conservation of angular momentum (31). By using Stiickel matrix, it is shown that
(33) are the function of the constants of motion I, I, I3, I, and the angular momentum of
the harmonic oscillator I} , 1} 3,1} 4, [2.4, I3 4. It is clear that the angular momentum (31) is a
vector-valued function of the quantities /; 5, /1 3,1 4, l2 4, I3.4. The x, y and z components of
the Runge—Lenz vector, (exepl)x, (€kepl)y and (exept), respectively, are given as follows:

(exep))x = =215 + 214,

(exepl)y = —7 sign(pips — 8i1Q1Q3)\/(72 +8K2)(—I3+ 1, +8K?) + 811},

— L sign(paps — 8T10202)\/ (15 + 8K2)(~ Ty + T3 + 8K2) + 81113 . (34)

(exepl): = — 75 sign(p1p2 — 8i1Q1Q2)\/(f2 +8K2)(—I»+ 13 +8K?) + Silliz

+ L sign(ps pa — 8i1q3q4)\/(—i4 +8K2) (=T + T, +8K2) + 81 12,
The conservations of I, I, I3, 14, l12, 013, 11,4, 2.4, I3 4 give rise to those of the Hamiltonian
(21), the angular momentum (31) and the Runge—Lenz vector (33).
2.4. Holt system as Stdckel system

The Holt system is a class of completely integrable two-dimensional Hamiltonian systems
found by Holt [12]. Let us consider the Holt system on Mg having Hamiltonian (cf [25])

Hier (s Pys —Enis X, v, 7) = p2 +py 2+ da’x 4 2 x4 28x 7 — 2By, (35)
where «, 8 and Ey, are arbitrary the constants. We choose the constant Eyy as
thl—l(px: Py _Ehllvxv yr?) = 0. (36)

Here, the time variable of the Holt system is 7. The extended Hamiltonian (35) is transformed
into that of a Stickel system

pi+p3+U(q) +U(q)

Hui2 (P15 P2, —Enies 41, @2, 1) = 37
q1+q2
where
U(qj) = 4a’q; —2Ewmq; +28, ji=12, (38)
after the canonical transformation
1 1
_ ,2/3 Y
=X — ——— Py, =X + — )y
7 2\/§oc Py 7 2\/§a Py (39)
3 | 3
_ /3
= —p, 34 , = —py — —ay.
P1 PxX 200’ P2 PxX 200’
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The dynamical system with the Hamiltonian (37) is a Stédckel system and has two constants of
motion [; given by

T, ~ 7 [P+ U@
~ | = (S} ,
<b> (Su) <p§+Uwﬁ>

Ty = Hia(p1, P2, —Ens 41, 42,1, (40)
~ q2 2 q1 2
I = pi+U(q)) — Py +U(q)) .

m+m(' ) m+@(2 )

The Stickel matrix is

S _ (9t 92
Shlt—<1 _1). (4D

The zero Hamiltonian condition (36) gives

Hui-2(p1, P2, —Enies 41, G2, 1) = 0. (42)

Let us consider another Stéckel system with the Hamiltonian

1
Haose(P1 P2, =Es, 41, 2, 1) = 5 (Pi+p3+U@@) +U(q), “
(43)

Ea-osc =

where the potentials U(q;) are the same as in (38). The Hamiltonian (43) describes a two-
dimensional aharmonic oscillator. Let us choose the arbitrary parameter § as

Ha—osc(pl’ P2, _Ea—osm q1,42, t) = 0 (44)

This system has the time variable # and two constants of motion /; defined by

I, T (PT+U@)
L)~ (Shlt) 2 )
2 P> +U(q2)
It = Haosc (P15 P2, —Eacoses 415 G2, 1),

1 1
L= 3 (Pt +U(qn) — 5 (3 +U(q)

with the Stiackel matrix

1 1
Shie = (1 _1> . (46)

The Holt system (37) and the Stédckel system with the Hamiltonian (43) have a common
set of potentials U(q), U(g2) and correspond to the Stickel matrices which are different by
the first row. The following relationship can be found by using proposition 2:

(45)

I = Haose(P1, P2, —Es, q1, g2, 1)

~ ~ I
= I = Hue2(p1, P2, —Enie, g1, @2, 1) = ————,
vhi (41, G2) (47)
dt — df = vp(q1, q2) dt,
+q2
vhie(q1, q2) = 7 > ®.

We see that condition (44) is equivalent to (36) through (42).
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2.5. Integrable Henon—Heiles system as Stdckel system

The Henon—Heiles-type system is originally known as a chaotic Hamiltonian system in celestial
mechanics [9]. By a simple change of the Hamiltonian we obtain a completely integrable
Henon—Heiles-type system. One of such cases (cf [25]) has the extended Hamiltonian

Hin1 (Pr> Py> —Enn, %, 3, 1) = pr+ py #3242+ 300 420" — B (48)
on Mg¢. Let us set the arbitrary constant Eyy, as
Hhh-l(pxa pyy_Ehhy X, yst) EO (49)

If the coefficient of x> is changed to —2/3, (48) becomes the extended Hamiltonian of the
original non-integrable Henon—Heiles system. Since the Hamiltonian Hyy.; is already regular,
we write the time variable as . A separation of variables is performed by using the linear
canonical transformation on M:

g1 =3(x+y), ¢ =3x—y), P1 = px+ Dy, P2 = px — Dy (50)
The extended Hamiltonian (48) leads to

Hen2(p1. P2 —Emn g1, q2.1) = 5 (p1 + p3 + U () + U (q2)) . (51)
where the potential functions are

Ulg) = 0q; +44; — Em,  j=12. (52)

Hamiltonian Hy,» means a sequence of one-dimensional Hamiltonian systems. Condition
(49) implies

Hun-2(p1s P2, —Enns q1, g2, 1) = 0. (53)

The dynamical system with the extended Hamiltonian (51) is a Stickel system and has two
constants of motion /; given by

I T [P+ U@
I = (Shh) 2 ’
2 123 + U(Q2)
Iy = Hun2(p1, P2, —Enns g1, @2, 1),
1
L= (pi—p3+Ulq) —Uq))

2
with the Stiackel matrix

1 1
Sph = <1 _1> . (55)

3. Main theorem and new numerical integrator

(54)

As is shown in sections 2.1 and 2.2, a Hamiltonian H(pl, ...y DN»q1, ---,qn) of Stickel
system comes from a Hamiltonian

N
H(pi,.... PN q15 - qN) = ch,l (i + Ur(qn) » k1 = &k(q1, ... qn)
k=1

through an extended canonical transformation (14). From (4) the Stickel system with
H(pi,..., PN+ q1,---,qy) has the following N zero-valued constants denoted by

Hi(pj.4)) = p; + Fi(q)), j=1....N, (56)
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where Fi(g;) = Uj(g;) — fo:l St,j@)k,j = 1,...,N. By using (5), the extended
Hamiltonian H(py, ..., pn, —11, 41, - - ., qn, t) correspondingto H(py, ..., PN q1s-- -5 GN)
is expressed as

N
Hp1sopvs =D qn ) =Y gian . an)H;(pj.q). (57)
j=1

From (6) the Hamiltonian system with the Hamiltonian H (py, ..., pn, 41, ..., qn) leads to
dp; OH;(pj.q;)
—L = —gi(qr,....qn)— L=,
dr 8q.,' (58)
dg; oH;(pj,q)) )
— =gi(q, ..., —_— =1,...,N.
a gilq qn) o, J

It is clear that the Hamiltonian system (58) conserves the values of H;(pi,q1),...,
Hn(pn,qn). The conservation of I,...,Iy is induced by that of H;(pi,q1),---,
Hwn(pn,gqn). If we apply an energy-preserving method to the Hamiltonian system (58),
Hi(p1,q1), ..., Hy(pN, gn) are conserved, consequently, all constants of motion 71, ..., Iy
are also kept constant under a discrete-time evolution of the energy-preserving scheme.

From proposition 2, the Stickel system with the Stiickel matrix S distinguished from S by
the first row only satisfies the following relation:

T, pi+Ui(q)
Sl :|= : , 59)
Iy P+ Un(gn)
where 71, R 7N are the constants of motion. By (4) and (59),
I 71
s|:|=S|: (60)
Iy Ty
is derived. From (56) and (60), the N zero-valued constants Hy, ..., Hy are rewritten as
Hi(pj.q)) = p;+F(q), j=1....N, (61)
where Fj(g;) = U;j(g;) — X0 5k i (g T j = 1,..., N. As the Hamiltonian system (58)
keeps the values of H,, ..., Hy zeros, those of Iy, ..., Iy are conserved.

Now we are in a position to state the main theorem.

Theorem 2. Let H(py, ..., pn. =11, q1,....qn. 1) and H(p1, ..., pn. =11, q1s - .. qn, 1)
be an extended Hamiltonian of a given Stdckel system and its dual Hamiltonian
related by the extended canonical transformation (14), respectively.  Assume that
Hpi,---s PN — 11,91, - -, qN, 1) is expressed as a sum of Hamiltonians of one degree of
freedom such that

N
Hp1 o pvs =T qne ) =Y e He(pes qi) Hi(pr, qi) = pi; + Fe(qn),
k=1
(62)
where each Fy(qy) is a regular function of qx and each ¢y = gi(q1,...,qn) is

a constant.  Then, an energy-preserving scheme for the Hamiltonian system (58)
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induces a numerical integrator for the Hamiltonian system with the extended Hamiltonian
Hp1,-.., PN, —11,q1, ..., qn, t) which conserves N constants of motion I, ..., Iy.

The Kepler motion (21), the Holt system (37) and the Henon—Heiles system (51) belong
to a special but important class, where Ui (qx) = U(gx) and c,; are some nonzero constants
fork=1,2,...,N.

We next explain how to present a new numerical integrator for Stickel system. The new
numerical integrator keeps exactly the same number of constants of motion as the degree of
freedom which a Stéckel system has. These constants of motion fix a single orbit of a Stédckel
system on a phase space.

In order to simulate a perturbed Kepler system, the adaptive Verlet method [19] was
introduced in which the Hamiltonian of the system is split into the Kepler part and the
perturbation. This method does not accurately simulate the perturbed Kepler motion because
an adopted numerical integrator does not compute even the behaviour of the Kepler part
accurately. An accurate numerical integrator for completely integrable system is necessary so
that the behaviour of a perturbed Hamiltonian system is investigated accurately. Hence, even
an completely integrable system needs an accurate numerical integrator.

The algorithm for numerical integration of Stéckel system is described as follows:

(0) Introduce a Hamiltonian on an extended phase space M. Fix the value of an arbitrary
constant in the extended Hamiltonian which corresponds to energy level by the zero
Hamiltonian condition.

(i) Find a canonical transformation on M such that the extended Hamiltonian is transformed
into that of a Stéckel system.

(ii) If the Hamiltonian of the Stickel system in (i) is not regular at some point of phase space,
this system can be transformed to another Stickel system whose Hamiltonian is regular
in the whole phase space by the inverse of an extended canonical transformation on M.
Simultaneously, the time variable 7 is changed to a fictitious time ¢. Find such an extended
canonical transformation. Then the canonical variables of the Hamiltonian are separated.
If the Hamiltonian of the Stdckel system in (i) is regular in the whole phase space and
separated without using any canonical transformation, then go to (iii).

(iii) Discretize the Hamiltonian system with a regular Hamiltonian, which is the sum of
one-dimensional Hamiltonian systems, by a variant of the energy-preserving methods.

(iv) Derive a discrete-time dynamical system from that given in (iii) by using a discrete
counterpart of the extended canonical transformations of (ii).

(v) A new numerical integrator is obtained from the discrete-time dynamical system in (iv)
after the inverse of the canonical transformation in (i).

The resulting numerical integrator remarkably conserves the same number of constants
of motion as the degree of freedom of the original dynamical system. Our new numerical
integrator has its base not only on the regularization theory but also on separation of variables
for Stéckel system. This fundamental property is not perceived well in the previous works
[22, 23]. Note that the Levi-Civita transformation used in [22] and the KS transformation
in [23] are examples of the canonical transformation in (i). The transformation in (ii) is
the inverse of the extended canonical transformations (14) given by proposition 2. The time
variable is changed in general after the extended canonical transformation in (iv). Therefore,
a discrete-time system having variable time step-size naturally appears. In the next section,
we apply the new numerical integration algorithm to the Kepler motion, the Holt system and
the integrable Henon—Heiles system concretely.
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In this paper, we adopt Greenspan’s energy-preserving method [4, 5] with a variable
step-size

(j+1) ) G+ )

Py - b __C“Fk(Qk )_Fk(Qk)
G+ — g T ’ (+D () ’

e o~ &% (63)
(+D )

o/ -0/

_ (+D ()
G 0 = (BT R
for (58). Here, sV is a discrete-time variable which is given as an arbitrarily increasing
sequence and corresponds to the continuous-time variable . The variables Pk(] ), Q,((" )
correspond to py, g and are the values of Py, Qy at the time s such that

P = pi(0), 0y = g (0). (64)
As the system (63) keeps the values of Hl(Pl(j), Qﬁj)), e, HN(Pli,j), %)) zeros, it has N
constants of motion I (P1(j ), Qi" )), o0 N(P,i," ), Q%)). Since the integrable Henon—Heiles

system can be transformed to a regular and Stickel system directly by a single canonical
transformation, steps (ii) and (iv) can be omitted to present a numerical integrator for the
Henon—Heiles system. The zero Hamiltonian conditions are useful not only to find the duality
of two Stickel systems but also to determine orbits of the resulting discrete-time integrable
systems by using given initial data, where each orbit is distinguished by the value of the
constant in (0).

Remark 1. If we adopt the symplectic scheme (cf [8, 26]) in step (iii), the resulting integrator
does not conserve all the constants of motion anymore. In order to draw an orbit, for example,
an orbit near a critical point such as a separatrix, we need an exactly conserving integrator.

4. Discrete-time systems derived from Stiickel systems

In this section, we derive new discretizations of three completely integrable systems discussed
in section 2. The Roman numbers (0), (i) , ..., (v) mean the steps of the new numerical
integration algorithm.

4.1. Discrete Kepler motion
4.1.1. Numerical integrator for three-dimensional Kepler motion.

(0) The constant Eyp in the extended Hamiltonian Hiepi-; is fixed by the zero Hamiltonian
condition (7).

(i) The Hamiltonian (20) leads to the Hamiltonian Hyepi.2 in (21) after the KS canonical
transformation (19). The Hamiltonian system corresponding to the Hamiltonian (21) is

dgi _ 1 P

&A@+ + 42
dpk_l(p?+p§+p§+pi)—81<2q P14
—_ = = 3 ks = 1l,...,9
b4 (F+a3+qi+4qd)

(65)

where 7 is the time variable. This is a Stickel system.

(i) The Stéckel system given in (i) has the Stickel matrix (24). The Hamiltonian of this
system is not regular at the origin ¢; = ¢» = q3 = g4 = 0. It follows from proposition 2
that this Stickel system leads to the four-dimensional harmonic oscillator with the time
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variable . The resulting Hamiltonian H,s in (25) is regular in the whole phase space.
The Hamiltonian system of the four-dimensional oscillator is

% = %pk, %ZZEkeplCIka k= 1,...,4, (66)
where we use Hyepro = 0 for Eyep. This system is corresponding to the Stickel matrix
(28). The four-dimensional oscillator and the Hamiltonian system (65) are directly related
by the extended canonical transformation (29).

(iii) The Hamiltonian system of the four-dimensional oscillator (25) is discretized by the

energy-preserving method with a variable step-size (cf [4, 5, 10]) as follows:

(j+1) ) (), plU+D G+ p()
0" -0" R"+P’ PP _ (0 + U*Y)
sG+D — g0 3 ’ SGHD — g kepl {2k ko) (67)
0 0
PO = p(0), O — 4,(0), k=1,...,4

On the orbit of the discrete-time four-dimensional harmonic oscillator (67), the
Hamiltonian H, in (25) takes a constant value for any s/ ), namely,

Hosc(Pl(jH)y P2(j+1), P3(j+1)7 P4(j+l), —Eo, Q§j+1)’ Q(2j+1), QéjH), Qijﬂ)» s(j+1))
— Hoe(PY, PD PD PD _Eo 00, 09, 0F, 0, sy,

j=0,1,.... (63)

It follows from (26) that Hys. = 0 at + = 0. Thus, we see

Hoe(PD, PO P9 PD —Epe. 09,09, 09, 09 1) =0,  j=0.1...

From (64) and (25) we can get the expression of the constant Ejp; as follows:
(0))2 (0))2 (0))2 (0))2
L (PO (PO)  (P) K7 .
kepl — g ( )

2 2 2 2
(07) + (@) + (07 + ()
(iv) We introduce a new discrete-time variable 50, j =0, 1, ..., defined by
~(i ~(i N2 N 2 N2 N2\ (i i
FUHD _50) — 2((Q§])) +( (21>) +( ;f’) + (Qij)) )(s(’“) — 50, 71
where (71) is a discrete analogue to the Kepler change of the time (29). By using (71),
we see that the discrete-time four-dimensional oscillator (67) is transformed into

Ql(cj+1) _ Ql(cj) _ i Pk(j) + Pk(j+1)
SU+D —50) 16 (Q(lj))2 + (Q;j))z n (ng))z +( ij))z’
YR 1 Belo) s 0l &
U+ 56 T 2 (QY))Z " (Q;j))2 " (ng))Z " (Qij))Z’
k=1,...,4, j=0,1,....

Moreover, (71) gives a discrete analogue of the extended canonical transformation (29):
Hosc(Pl(j), Pz(j)s P;j), P4(j), —Eoqe, Q(j), ;j), gj)’ Qf;j)ss(j))
— erpl-Z(Pl(j), Pz(j)v P3(j)v P4(j), _Ekepl’ Q§j), Q(zj)» ng)7 Qij)’fg(j))
Hosc(Pl(j), PP, PP PP, _Eoe, 0V, 0V, 0V, Qij)’?(j))
B nen (09, 09 09, 09)
SUD _ o)y 50D _50) = vkep,(Qu‘)’ 9. oy, Qin)(s(,ﬂ) _ sy, (73)

’
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where
A . , A o o o o

ven(Q1 057, 05", 01) = 2((01)" + (€5")" + (3") + (4))- 74
Equations (72) keep the values of I (Pl(j), Q(lj)), ey I~4(P4(j), Qij)) in (23). We name
(72) the shape three-dimensional discrete Kepler motion.

(v) By using the KS canonical transformation (19), we see that the discrete Kepler motion
(72) can be rewritten explicitly by using the variables in the XY Z-space:
P)((j), P;j), Péj), X(j), Y(j), Z(j), P)((jﬂ), P;J'*'l)’ Péjﬂ), X(jH), Y(jH), Z(j+1).

However, the resulting equations look too complicated to write.

Remark 2. The discrete Kepler motion (72) with (70) presents an explicit scheme with a
variable step-size for a numerical integration of the three-dimensional Kepler motion.

Remark 3. Introduce a new discrete-time variable 5, j = 0, 1, ..., defined by
~(j+1 ~(j 1 ) (j+1))2 ) (j+1))2 ) (j+1))2
SUD =50 = 5((01" + 0V) + (0 + 03) + (05 + 0T)
. b2 : .
+(0Y + oY) x (sU*h — 5, (75)

in (iv) instead of (71). Then, the resulting discrete-time four-dimensional oscillator has a time-
reversibility. The change of the time (75) itself is the same as in Leimkuhler [19]. Though
the time-reversible integrator found in [11, 19] also conserves all constants of motion, it is an
implicit scheme and costs more time than an explicit integrator in general.

4.1.2. Properties of discrete Kepler motion. ~As was shown in (iv), Hyepl-2 is constant under
the time evolution of (72). Though the conservation of the Runge-Lenz vector under the time
evolution of (72) is checked by a direct calculation in [23], the reason is not explained well.
We here show that the conservation of the quantities 7 and /;, j gives rise to the conservation
of the Runge—-Lenz. This fact is revealed by representing the Kepler motion in Stickel form.

Proposition 3. The discrete Kepler motion (72) is an explicit scheme with a variable step-size
and has three constants of motion defined as follows:
(a) A discrete analogue of the Hamiltonian
Hd—kepl(Pl(j), PZ(])’ P3(J), P4(])’ Q(})’ (2.1)7 gj)7 z(tj))
D pl) pU) pO) ) ) ) )~
= erpl-Z(Plj , sz s ng , P4J s _Ekepl, Q1] s sz s Q3] s Q4] s S(]))- (76)
(b) A discrete analogue of the angular momentum
hd—kepl(Pl(j)a Pz(j)’ P3(j)’ P4(J)’ QU), ;/)’ ;j), f;j))
— hkepl(P1(j)s sz), P;j), P4(]), g})’ (21)’ Qg])v i])), (77)
where the definition of hyp is in (31).
(c) A discrete analogue of the Runge—Lenz vector
ed-kepl(Pl(j)a Pz(j)’ P3(J)’ P4(J)’ Y), ;J)’ ;/)’ ij))
N pl) pU) pO) ) )] () )
=ekepl(Plj 7PZI ’P3j 7P4j ’ Qj s sz ) Q3j ) Q4J )5 (78)

where the definition of eepi is in (33).
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Proof.

@ It is clear that Hiepa(P” Py, Py, P, —Exepr. 07, 05, 0, 039 is
conserved by the new numerical integrator (see (iv)). By using definition (76), we
see that

Hd kepl(P(]) P(]) P(I) P(]) Q(I) Q(/) Q(]) Q(])) ’ ] — O, 1’ o
(b) It is easy to check the conservation of [; ;,i, j = 1,...,4 (32), by (72). Because of
this conservation, it is clear that hd_kepl(Pl(’ ) Pz(/ ), P3U ) P4(/ ) o\, (j ) Q(/ ) i’ ) ) is
conserved. . '
(c) Asshownin (34), the Runge-Lenz vector (78) is the function of quantities I (P(J ) 5’ )),

I (P(J) Q(J))’ (P(J) Q(J))’ (P(J) Q(J)) and ll (P(j) P(j) Q(J) Q(J))’ (Pl(j)’

(J) (J))

Each quantlty is conserved by the dlscrete Kepler motlon (72) Consequently,
the Runge—Lenz vector (78) should be conserved. O

Hence, the discrete Kepler motion (72) exactly conserves all of the constants of motion of
the continuous-time three-dimensional Kepler motion, especially, the Runge-Lenz vector. As
is explained in the introduction, this property is somewhat different from the known numerical
integration schemes of the Kepler motion, for example, a symplectic scheme [34, 35], an
explicit variable step-size scheme [11]. We have already shown that the three-dimensional
discrete Kepler motion (72) is numerically stable for any step-size in [23]. Since the Kepler
motion has more constants of motion than the degree of freedom, it is an example of a super-
integrable system. In the Kepler case, the new integrator conserves more constants of motion
than degree of freedom.

4.1.3. Numerical example for discrete Kepler motion. Figure 1 gives a numerical example
for the three-dimensional discrete Kepler motion (72) with K = 1 and the same discrete
step-size sUTD — s(U) = §. The symbol (x) indicates the orbit with § = 1. The line describes
the orbit with § = 0.1. The common initial value is X© = 04,Y©® = —0.1,Z© =
0.2, P(O) = 0.2, P(O) —0.1, and the positive constant P( ) is determined from the given
Exepl, X(()), e, Pé ) through

0 0 0
erpl—l(P)Er), P)S ), Pé ), _Ekepl, X(O), Y(O)7 Z(O), O) =0.

In figure 1, the orbit corresponding to Eyep = —0.2 traces the ellipse, the orbit of the
continuous-time Kepler motion, for rather big discrete step-size. See [23] for comparisons
with other numerical integrators.

4.2. Discrete Holt system

4.2.1. Numerical integrator for Holt system.
(0) The constant Eyy in the extended Hamiltonian Hyy-; is fixed by the zero Hamiltonian
condition (36).
(i) The Hamiltonian (35) leads to the Hamiltonian (37) after the canonical transformation
(39). The Hamiltonian system corresponding to (37) is
dgi _ 2p: dpi _ 2Em — 120°¢}
dr qi+q d q1+q2
where 7 is the time variable. This is a Stickel system.

k=1,2, (79)
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Figure 1. Three-dimensional discrete Kepler motion § = 0.1, 1.

(i) The Stdckel system given in (i) is corresponding to the Stickel matrix (41). The
Hamiltonian (37) is not regular along the line g¢; + g0 = 0. From proposition 2,
the Stickel system (79) leads to the system corresponding to the Hamiltonian
Haosc(P1> P22 —Eg, g1, q2, s in (43). Here ¢ is the time variable. The Hamiltonian
Ha-osc 18 regular in the whole space. The resulting Hamiltonian system is an aharmonic
oscillator:

% = Drs % = Eny — 60°q{, k=1,2. (80)
This system has the Stidckel matrix (46). The relationship between the Holt system and
the Hamiltonian system (80) is expressed with (47).

(iii)) The Hamiltonian system (79) is discretized by the energy-preserving method

(cf [4, 5, 10]) as follows:

Ql(cj+1) _ Q]((j) Pk(j) + Pk(j+1)

G _ gG) 2 ’

puth _ pi _ , , ,
e = Ew—22((0) + (V) () + (0))

sO <l <UD gD o gUHD k=1,2.

(81)

Here, s/ is a discrete-time variable and P, Q' are the discrete variables such that

Pk(o) = pi(0), Q,({O) = ¢x(0), respectively. On the orbit of the discrete-time system (81),
the Hamiltonian (43) takes a constant value for any s, namely,

j+1 j+1 j+1 j+1 i
Ha—osc(Pl(j+ )7 P2(j+ ), —E;, Q(lj+ )’ Qéﬁ— )7 S(JH))
. . G . . )
= Ha—osc(Pl(])y Pz(j), —E;, Qlj)v ;j), S(J)), J= 0,1,.... (82)

Condition (44) implies Hy-o5c(P\”, Py, —E,, 01, 05, s%)) = 0. From (82) we can
get the value of the constant Eyy as follows:

(PO) + (B7) +4a2(0) + (@)))

Epy = (83)
‘ 2(01"+ o)
(iv) We introduce a new discrete-time variable 3, j=0,1,..., defined by
) ()

o o + . .
SU+D) _0) — X1 . Q; (sUHD — 5y, (84)
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where (84) is a discrete analogue to (47). By using (47), we see that the discrete-time
aharmonic oscillator (81) is transformed into

(J+1) ) (+1) )
QkJ _ ij _ ij +ij

SO+ 50 T QEJ’) + Qéj’ ’
- . N2 1 . .
Pk(1+ ) Pk(j) B 2En — 4“2((Q1(<j+ )) + QI(€J+ )Q/(Cj) + ( I({J)) )
FUHD 506 T () ) ’
s s I+ 0
k=1,2. (85)

Moreover, (84) gives the correspondence
Haose(P, PY, —Ey, 0, 05, 59) > Huo (P, P, —Ewi, 0V, 05,39)
_ Ha—osc(Pl(j)a Pz(j)a —Ejyosc; (1])a Q(zj), s(j))

vhlt(Q(J), éj))

3

U 50 s FUD 500 = gy (0, Q) (59D — 5, (86)
where
) )
_ Qll + Q2]

o (Q5, 05) 87

2

Equations (85) keep the value of Hya (P, Py, —Ewi, OV, 05, 50)) zero. We call
(85) the discrete Holt system.

(v) Using the inverse of the canonical transformation (39), a discrete Holt system on the
XY -plane is derived from (85).

Remark 4. Introducing a new discrete-time variable G2 j=0,1,..., defined by
)] (J+D ) )
<)y (@7 Q7T) +(057 + 0y
4

in (iv), the derived discrete-time two-dimensional oscillator has a time-reversible variable
step-size.

)(S(j+1) —S(j)), (88)

4.2.2. Constants of motion of discrete Holt system. The discrete Holt system (85) has two
constants of motion as follows:

(a) A discrete analogue of the Hamiltonian:
Hoe(Py, Py XD YD) = Huea (P Py, —Ene, X9, YD, 50). (89)
(b) A discrete analogue of the constant of motion 72 in (40):
(P}((j))2p)§j) . (PI(/J'))3 4aP;j)(X(j))4/3
2/3a 3V3a V3
3\/§a(x(j))—2/3(y(j))2p;j) . ﬂ(x(j))—3/2p)(,j)
8 V3a .

boanei (P, PY), XD, YD) =

_ 3ap)((f)(x(j))l/3y(j) +

(90)
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05 - L .

-05 q
—— delta=0.01

= delta=0.1

Figure 2. Discrete Holt system § = 0.01, 0.1.

We can easily prove that (81) keep T 1 and 12 in (40) constant. After the inverse canonical
transformation of (39), we see that T 1 and 12 lead to the right-hand sides of (89) and (90),
respectively. Since
1, = tht-z(Pl(j), Pz(j), —Eh, Q(lj), Q;j),'sv(j))
= Hh]t—l (P)((j)’ P}E'J)y _Ehlb X(j)a Y(/)"E‘(‘/))7
L= 72,d—hlt—1(P)((j): P XD, Y%,

it follows that (89) and (90) are constants of motion of the discrete Holt system (85).

4.2.3. Numerical example for discrete Holt system. A numerical example for the discrete
Holt system is given in figure 2. The orbits of the discrete Holt system (85) with a constant
discrete step-size sU*) — s0) = § = 0.01, 0.1 are described, where the initial value is
X© =0.5,Y9 =05, P =1.0, P = 1.0and the parameters are = 1.0and 8 = 100.0.

4.3. Discrete integrable Henon—Heiles system
4.3.1. Numerical integrator for integrable Henon—Heiles system.

(0) The constant Eyy, in the extended Hamiltonian Hypy-; is fixed by the zero Hamiltonian
condition (49).
(i) The Hamiltonian (48) leads to the Hamiltonian (51) after the canonical transformation
(50). The Hamiltonian system corresponding to the Hamiltonian (51) is
dgx dpe

£ — . —= = _8¢2 — 4q, k=1,2, 91
a P ar q qk (C2Y)

where ¢ is the time variable. This is a Stéckel system.
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(i) The Stickel system given in (i) has the Stickel matrix (55). The Hamiltonian (51) is
already regular in the whole phase space and the sum of one-dimensional Hamiltonian

systems.
(iii) The Hamilton system (91) is discretized by the energy-preserving method as follows:

(J+1) )] ) (J+D
ij _ Qk] _ Pk] +Pk]

SO _ () ) ’
j+1 j (j+1\2 G+D A () (D)2 G+D o))
PP C8((@d) ol o+ () +6(e + ) ©2)
SO — () 3 ’
O gD GO GG

Here, sV is a discrete-time variable and Pk(j ) , Q,(Cj ) are the values of Py, Oy at the time
s, where we set Pk(o) = p(0), Q,(CO) = ¢4(0), P, and Qy are the counterparts of the
canonical variables p; and g, respectively. On the orbit of the discrete-time integrable

Henon-Heiles system (92), the Hamiltonian (51) takes a constant value for any s/,

namely,
Hhh—z(Pl(jH)v P2(j+l), —Epp, Q(1j+1)’ Q(2j+1), s(j+1))
= Huna (P, Py, —Emn, 0V, 05, 59), j=0.1,.... (93)
It follows from (53) with P”’ = pr(0), 0\ = ¢ (0) that
Hhh_z(Pl(j), Pz(’), —Epy. QY')’ ng'), sV) = 0. 94)
From (93) we can get the values of the constants E; p, and E; p, as follows:
Eun= 3P0 +3(00) +2(P), k=12, ©3)

where Ew = El,hh + EZ,hh-
(iv) Step (iv) is omitted in this case.

(v) Through the inverse of the canonical transformation (50), the discrete-time system (92) is
converted to
XU+ _ x ()

sU+D — ()
(j+D) ()

Py — Py

s(j"’l) — S(j)

YU+ _y

— P)((;i+l)+P)((j), — P)Sj+l)+P;Ej),

sU+D — g()
2 . . . .
— —5(((X(J+1))2 + XUt x () 4 (X(J))2)

+ ((Y(j+1))2 + YUty 4 (Y(j))Z)) _ (X(j+1) + X(j)),
(+D ()
L A _%(2X<j+1>y(j+1> +2XDyW)
P ) 3
+ XxUtDyOd 4 X('j)Y(‘i+l)) _ (Y(.i+1) + Y(j)).
(96)
Equations (96) keep the value of Hyp.g (P)((j), P;j), —Epn, X109 YW, s(j)) zero. We call
(92) or (96) the shape discrete integrable Henon—Heiles system.

4.3.2. Constants of motion of discrete integrable Henon—Heiles system. The discrete
integrable Henon—Heiles system (96) has the following two constants of motion defined
by

(a) adiscrete analogue of the Hamiltonian:
Haenne1 (PY, Py, X9 YD) = Hyy (P, PY | —Ep, X9, YD, 50), 97)
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Figure 3. Discrete Henon—Heiles system § = 0.01, 0.1.

(b) a discrete analogue of the constant of motion 7, in (54):
bgma (PY, Py XD YD)
=2P Py +4(XDY2Y D + 2y DY 44X DYD — By + Exne (98)
To prove this case, we see that (92) keep /; and I, in (54) constant. After the inverse canonical
transformation of (50), we see that /; and I, lead to the right-hand sides of (97) and (98),
respectively. Since
I = Hhh-z(Pl(j), Pz(j), —Enn, ng), Q(zj), S(j))
1 ()2 (D)2 3 ()3 ()3 (D)2 ()2
L=3((R") = (R"))+3((2") = (2")) +2((2i")” - (25"))
= IZA,d—hh—l(P)((j)» P XD, YY),

(97) and (98) are shown to be constants of motion of the discrete integrable Henon—Heiles
system (96).

4.3.3. Numerical example for discrete Henon—Heiles system. Finally, in this section we give
a numerical example for the discrete Henon—Heiles system. Figure 3 indicates the discrete
Henon—Heiles system (96) with the constant discrete step-size sU+D — G = § =0.01,0.1,
where the initial value is X© = —0.4, Y© = 0.0, P” = —0.15, P\” = 0.15. The symbol
(0)) indicates the orbit with § = 1. The line describes the orbit with § = 0.1.

5. Conclusion

We have proposed a new numerical integrator for a class of separable Hamiltonian systems
called the Stéckel system. If the Hamiltonian of the original Stickel system is not regular at
some point, it leads to a regular and Hamiltonian of some Stickel system through a suitable
extended canonical transformation. We here adopt Greenspan’s energy-preserving method as
a basic numerical integration scheme. It is proved that the energy-preserving scheme induces
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a numerical integrator for Stickel system conserving the same number of constants of motion
as the original system (theorem 2). A successive use of

(i) a special setting of arbitrary constant in the extended Hamiltonian,
(ii) a suitable canonical transformation for the Stickel system on an extended phase space
and its inverse and
(iii) the energy-preserving method with a variable step-size

enable us to derive such an efficient numerical integrator.

We have given a new proof of the exact conservation of the constants of motion including
the Runge-Lenz vector under the discrete-time evolution of the three-dimensional discrete
Kepler motion (proposition 3). As a consequence, the pericentre of the elliptic orbit does
not move secularly. The discrete Kepler motion has orbits which exactly trace those of the
continuous-time Kepler motion, since all of the constants of motion are conserved. As a bonus,
the discrete Kepler motion gives an explicit scheme with a variable step-size, which enables
us a high-speed simulation of the Kepler motion with a sufficient accuracy. The discrete Holt
system and the discrete integrable Henon—Heiles system are also presented. The resulting
discrete-time systems have a variable step-size and keep all of the constants of motion that
the continuous-time dynamical systems have. The Henon—Heiles system having the regular
Hamiltonian needs a linear canonical transformation which performs a separation of variables.

The new numerical integrator has the following additional good properties: (1) coverage
to the whole Stickel system, (2) a scheme with a variable step-size and (3) a scheme with
the same behaviour for large step-size. In the Kepler case, it is an explicit scheme which
conserves more constants of motion than the degree of freedom. A skilful combination of a
regularization technique and an energy-preserving method will be useful to discretize more
wide class of dynamical systems. The authors believe that the key idea of the new numerical
integrator would be valuable in many applications outside the Stickel system, for example, to
design a better solver for various n-body problems.
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